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Abstract This paper denes a concept of a semiksetcontraction operator
and establishes a degree theory for it As its application we discuss the existence
for the solution of twopoint boundary value problems for nonlinear second order
integrodierential equations in Banach spaces
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x INTRODUCTION
It is well known that the degree theory for the strictsetcontraction operator
and the condensing operator has many applications to the existence of the
solutions of some equationssee    	
 However some important op
erators are not strictsetcontraction operators or condensing operators Now
we give an example
Let E be a Banach space C  E
  fx x is a mapping from  
into E and xt
 is continuous at every t   g Obviously C  E
 is a
Banach space with norm kxk  maxfkxt

















where g  CE E
 gD




  minft sg
It is dicult to prove that A is a strictsetcontraction operator or a con
densing operator from C  E
 into C  E
 So it is necessary to es






Now we dene a new class of operators




  fx x is a mapping from I into E and xt





















k t  Ig













Now we give a new denition




 is called a semiksetcontraction









for any bounded D  S with equicontinuous D
m
















 is called a semiksetcontraction operator if the restriction
A  S  C
m
I E





It is easy to see that this denition is dierent from that of the kset
contraction operator and that of the condensing operatorsee 
 For
example A dened by 
 A  CI E
  CI E
 and for any bounded set
S  CI E
 AS is bounded and equicontinuous Moreover by the following




























































So A is a semi

	
setcontraction operator In section  we establish the degree
theory for the semiksetcontraction operators and prove some xed point
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theorems As their application in section  we discuss the existence of the
solution of twopoint boundary value problems for nonlinear integrodierential
equations in Banach spaces
The following lemmas are necessary
Lemma  see
 If S  CI E














 If S  C
m
I E
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x ESTABLISHMENT OF THE DEGREE THEORY
Before establishing the degree theory for the class of the semiksetcontraction
operator A we give some lemmas Let   C
m
I E
 be open and bounded
and A   C
m
I E
 a semiksetcontraction f  idA where id denotes
the indentity operator Then f is called a semiksetcontraction eld
Lemma  Assume A    C
m
I E
 is a semiksetcontraction operator
then

 f is proper ie f

D





 f is a closed mapping ie fS























are equicontinuous on I D
m

















It is easy to see that D


   So D


















































 is compact So there











 Since S is closed x

 S

















 is closed The proof is complete
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Lemma  If D  CI E
 is bounded and equicontinuous on I  then coD

is bounded and equicontinuous on I
The proof of lemma 	 is routine and may be omitted
Lemma  Let fS
i






	    	 S
n
	
    S
n

  n        If S
n









This Lemma is the exercise 	 page  in  In what follows we give the
denition of the degree for a semiksetcontraction eld
Denition  Let   C
m
I E




a semikcontraction operator    k   f  idA














n       










 Now we suppose that D
n

  n       So D
n
 is bounded and
closedn       






 Then D is bounded convex closed

























 n   




























 By k   and lemma  we know D is a nonempty















































Since D is compact A  D  D is completely continuous So by the
extention theorem of completely continuous operatorsee page 		
 there
exists a completely continuous operator A

  D such that A

x  Ax for
every x  D Let f

 id  A

























 denotes the degree of completely continuous operator
eld f

 id  A

 It is easy to nd what we dened is independent of
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the choice of f

 In fact let A

   D be another extension of A and
f

 id  A

 Let Ht x
  x  tA

x    t
A

x x     t  
We will prove Ht x
 
  for t    and x   On the contrary
if there exist t

   t

  and x






























 D and D is convex
we know x



































 Suppose p 
 f
 It is easy to see  




  degf  p 
 

Now we have successfully dened the degree degf   p
 for a semikset
contraction operator A
Remark  If A has a xed point x






  n   
    So the xed point set F is also nonvoid with F  D









appearing on page  in 
Lemma  Assume that A is a semiksetcontration operator as in denition
 f  id  A  
 f
 and 
 of Denition  is satised If B    S is
continuous with Bx  Ax for all x  S  where S 	 DD is the same as in
the denition 
 is compact and convex with AS 












are such as those of 
 in denition  Let
Ht x




for x   and   t   Then we have Ht x
 
  for x   and  





   for x

    t

  Since







































 D  D
















































    
 Therefore x

































Thus the proof is complete 
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Theorem  The degree of a semiksetcontraction eld dened in Denition
 has the following properties

 degid  p
   for p  

 degf   p
  degf  

 p





















 degid  Ht 
  p
  const for all t    whenever Ht 
 is a






















 if degf   p
 
  then the equation fx
  p has a solution in 
Moreover set g  idG where G   C
m
I E
 is a semiksetcontraction
operator Then

 degf   p







 degf   p
  degf  

 p
 for every open subset 








 degf   





Proof We might well suppose that p   Since 
 is same as the normality
of strictsetcontraction eld in  we can omit the proof First we prove 

We discuss three possibilities
 Suppose 
 of 




is true Obviously 
 of







































are obtained as D in 
 of 







respectivelyt And D is the same as in 
 of 
 in denition   Let
A

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 Obviously  satises 





































  then there exsits an x

























































 Hence  
 f
















And Since the proof of 
 includs that of 	
 we can omit the proof of 	

Next we prove 
 First we need to prove H 
 is bounded In fact
assume that there exists a sequence ft
n
g    and a fx
n




























































k  n 


















k is bounded This contradicts

 Consequently H   
 is bounded Let D
























































is equicontinuous on I




is equicontinuous From lemma 	 we have only
to prove that H 

m
is equicontinuous Assume that H 

m
is not equicontinuous Then there exists an    a subsequence fx
n
g 




























k   















































































































k  n  





  n   Since Ht

 
 is a semiksetcontraction
operator we have I
n






  n  
This contradicts 
























































 n      

Take any    and t
















































k   for all x   when jt  t

j  	 Let S

i





















































   By the compactness
of the interval   there exist t
i
   	
i














































































































  for n      
 By the same proof D

 also is shown










































By the extention theorem of completely continuous function there exists a
G    D

such that Gt x
  Ht x
 when t x






 x  Gt x








 It is easy




 In fact if there exist t

with   t















































 If the condition 
 of denition  is satised for h
t




 In this case since Ht x
 has not xed points in  Gt x
 also has not










satises the condition 





















  const    t  
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If p 
  let h
t
 idHt 




  const 
Finally since the proofs of 
 
 
 are similar to the proofs of the relative
properties of degree throry of strictsetcontraction eld in  we omit the
proofs Thus proof is complete 
Theorem  Let  be a bounded convex open set in C
m
I E




 be a semiksetcontraction operator   k   A
   without
xed point in  then degidA 
  
Proof Choose an x

  arbitrarily Let h
t
 tx Ax






 here Ht x











 uniformly in x   And Ht 
 is a semiksetcontraction
operator for all t    In virtue of the fact let A be a convex set in a
topological vector space E with a interior point x

 then for any x

 A the








Espace Vectoriels Topologiques Prop in Chap x n







   t   By Theorem  degidA 
  degid 
 
 The proof is complete 
x EXISTENCE OF THE SOLUTION FOR TWO	POINT
BOUNDARY VALUE PROBLEMS IN BANACH SPACES






















































Here k  CD R


 D  ft s
  R












   t s  g E is Banach space And assume a  
b   c   d   and J  ac ad bc   throughout this section
In order to investigate BVP 




















where f  CI  E  E  E  E P 




   for t  I
and P  E is a normal solid cone of E with normal constant N  ie if
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we dene the relation x  y by y  x  P  then  is an order relation in E
Moreover   x  y implies kxk  Nkyk




















 t  s


here a   b   c   d   and J  ac  ad  bc   Moreover T and
S are dened by 
 In the following let B
R

















ds t  Ig 

Furthermore let P I




   for t  Ig Then P I
 is
a cone in C

I E
 Usually P I
 is not normal in C

I E
 even if P is a






























Then we have the following lemma 
Lemma 









R   Suppose that there exist constants L
i
 i     	
 such that






























   

Then the operator A dened by 	




 into P I

Proof By direct dierention of 	


























































































 into P I
 Now let Q  C

I E




















 t  Igg 
















 x  Qg is






























































































































































































































































































































So A is a semiksetcontraction operator The proof is complete








  f  CI E E E EP 









for any R   and there exists L
i
















  supfkft x y z w














g and q is dened by 










 be satised Then BVP 
 has at least




Proof It is well known that the C

I E
 solution of 























 is the Green function given by 
 and yt
















































 there exist 	   and R  ku
































 Rg So U is bounded convex open set For

















































































































































In virtue of 
 
 AU  U  Then by theorem 	 we get
degid AU 
  
ie there is a xed point x  U  The proof is complete
Example 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Conclusion equation  has at least one positive solution




     x
n













     E x
n
 
 n      g Then P
is a normal solid cone of E and  can be regarded as a BVP of the form





  kt s 

 	 t	 s
 ht s 
















   








    in which
g
n






















































































This shows that condition H

 is satised









for any R  
 Now for any bounded D  E it
is easy to see that gD 


D And for any bounded Y  E Z  P 
W  P  we have hYZW   
 In fact let fy
m




























































So hYZW   




 m  
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So the condition H

 is satised Consequently our conclusion follows from
theroem  
The operator A dened by  is not a strictsetcontraction operator or a
condensing operator So the degree theory of the condensing operator or the
strictsetcontraction operator is not suitable
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